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Here Mn(C) denotes the vector space of n×n complex matrices. The standard inner
product is considered unless specified otherwise.

(1) Let B ∈ Mn(C). Show that the determinant B is same as the determinant of
the transpose of B. [15]

(2) Suppose C is a 2× 3 matrix. Show that the determinant of C∗C is zero, but
the determinant of CC∗ may not be zero. [15]

(3) Let A ∈ Mn(C). Suppose a1, a2, . . . , ak are some distinct eigenvalues of A,
with respective eigenvectors v1, v2, . . . , vk:

vj ̸= 0, Avj = ajvj, 1 ≤ j ≤ k.

Show that v1, v2, . . . , vk are linearly independent.
[15]

(4) Show that an upper triangular matrix is normal if and only if it is diagonal.
[15]

(5) Obtain the spectral decomposition in the form
∑

j ajPj, where Pj’s are mu-
tually orthogonal matrices for the following matrices:

C =

[
1 3
3 1

]
, D =

 1 3 0
3 1 0
0 0 5

 .

[15]
(6) Let A be a normal matrix. Show that a matrix B commutes with A if and

only if it commutes with A∗. [15]
(7) Show that if a matrix M is invertible then M−1 is a polynomial in M and M

is a polynomial in M−1. [15]
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